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2I. INTRODUCTION
The interest in commuting differential expressions started almost 140 years ago with the work of Floquet followed
by contributions of Wallenberg and Schur [1] but the decisive input came from the work of Burchnall and Chaundy
which allowed to connect this mathematical area to algebraic geometry [2]. Since many operators in mathematical
physics do not commute, the most celebrated example being represented by the position and momentum operators
in Quantum Mechanics, the theory of non-commuting operators is also interesting in its own. Furthermore, there
can be cases when certain symmetries or degeneracies are present leading differential operators to almost commute,
or semi-commute but what does it mean that two operators semi-commute? Let us consider two operators P and
T of degree m and n, respectively. The commutator [P, T ] will be in general an operator of degree m + n − 1. Let
us suppose that P is given and Q be an arbitrary operator of degree n. We say that P and Q semi-commute if the
highest order term in [P,Q] vanish, i.e. the commutator of these two operators is an operator of degree m+n−2. The
problem of finding operators with analytic coefficients that semi-commute with a given monic differential operator
having analytic coefficients has been thoroughly treated in [3]. The interest in the construction of a class of operators
semi-commuting with a given operator P associated to some equation of mathematical physics relies in the fact that
such a class may contain a subclass of commuting operators. Hence, starting with a certain differential operator and
after having computed the corresponding class of semi-commuting operators, we can impose additional constraints
that if fulfilled they can lead to a class of commuting operators. If two operators commute, then the Burchnall and
Chaundy theory ensures that they must share a solution which in turn we may use to reduce the order of the ODE
associated to the operator P . In what follows we consider a given differential operator P with analytic coefficients,
namely
P = d2x + p1(x)dx + p0(x), dx :=
d
dx
. (1)
The operator
Q = qn(x)d
n
x + qn−1(x)d
n−1
x + · · ·+ q1(x)dx + q0(x)
semi-commute with P if we can find coefficients q0, · · · , qn such that [3]
dxqn = 0, (2)
dxqk =
1
2
n∑
j=k+1
(
j
k
)
qj(x)d
j−k
x p1(x)−
1
2
P [qk+1(x)] ∀k = 0, 1, · · · , n− 1. (3)
If the additional condition
d2xq0(x) + p1(x)dxq0(x) =
n∑
k=1
qk(x)d
k
xp0(x) (4)
is satisfied for all x, then P and Q commute. Note that in principle the unknown coefficients qk’s can be obtained
from (3) and will depend on some integration constants βi. Substituting these solutions in (4) yield the relation
ϕ(x;β0, β1, · · · , βn) = 0. (5)
In some cases the βi’s can be chosen so as to permit commutativity. If this is not the case, we can look instead for
a solution x0 = x0(β0, β1, · · · , βn) to (5). If such a solution exists, we say that P and Q locally commute at x = x0.
In this work we extend the treatment of Airy, Bessel, and hypergeometric operators presented in [3] to differential
operators associated to the Heun equation and its confluent forms [5, 6] displayed in Table I. We recall that the Heun
equation(HE) has been originally constructed by the German mathematician Karl Heun (1889) [4] as a generalization
of the hypergeometric equation. To underline the importance of the HE in mathematical physics we recall that it
contains the generalized spheroidal equation, the Coulomb spheroidal equation, Lame, Mathieau, and Ince equations
as special cases. The fields of applications of the HE in physics are so large that it is not possible to describe them
here in detail. However, a review of many general situations relevant to physics, chemistry, and engineering where
the HE and its confluent forms occur can be found in [5, 6]. Since we will show in the next section that a certain
generalized Heun equation (GHE) commutes with the Heun differential operator, thus allowing us to construct the
general solution of a rather complicated fourth order linear ODE with variable coefficients, some comments on the
GHE are in order. The GHE is a second order differential equation with three regular singular points and one
irregular singular point at infinity. It generalizes the ellipsoidal wave equation as well as the Heun equation. [7]
3obtained under certain conditions all connection coefficients between the Floquet solutions at the finite singularities,
thus determining the full monodromy group of the GHE. This equation plays an important role in applications in the
context of Quantum Field Theory in curved space-times. More precisely, it describes the radial spinors of an electron
or neutrino immersed in the gravitational potential of a Kerr-Newman black hole and also the static perturbations
for the non-extremal Reissner-Nordstro¨m solution to the Einstein field equations [8].
Before we derive the classes of semi-commuting and commuting operators of first and second degree, we show that
equation (3) derived in [3] is not correct. This can be already seen in the case n = 1. Let P be given as in (1).
Suppose that we want to construct the class of operators Q of degree one commuting with P . Let Q = β1dx + q0(x)
with q0 a yet-to-be determined function. It is not difficult to verify that
[Q,P ] = [2dxq0(x) − β1dxp1(x)]dx + d2xq0(x) + p1(x)dxq0(x)− β1dxp0(x).
Hence, the function q0 will be represented by the solution of the first order ODE
dxq0(x) =
β1
2
dxp1(x), (6)
whereas the commutativity condition reads
d2xq0(x) + p1(x)dxq0(x) − β1dxp0(x) = 0. (7)
However, even though in the case n = 1 equation (4) coincides with our (7), equation (3) becomes instead
dxq0(x) =
β1
2
dxp1(x)− β1
2
p0(x)
and as a result Q and P cannot commute. Hence, (27) in [3] should be taken with some caution. In the case n = 2
we consider the same operator P as before but now Q = β2dxx + q1(x)dx + q0(x). It can be easily verified that the
operators Q and P will commute whenever
dxq1(x) = β2dxp1(x), (8)
dxq0(x) =
1
2
q1(x)dxp1(x) +
β2
2
d2xp1(x) + β2dxp0(x)−
1
2
[
d2x + p1(x)dx
]
q1(x), (9)
d2xq0(x) + p1(x)dxq0(x) = q1(x)dxp0(x) + β2d
2
xp0(x). (10)
Notice again that equation (4) for n = 2 reproduces correctly our equation (10) but (3) or equivalently (27) in [3]
leads to the wrong results
dxq1(x) = β2dxp1(x)− β2
2
p0(x), dxq0(x) =
1
2
q1(x)dxp1(x) +
1
2
β2d
2
xp1(x) −
1
2
P [q1(x)].
TABLE I: Heun family of differential operators P as defined in (1)
Equation p1(x) p0(x) parameters
Heun γ
x
+ δ
x−1
+ ǫ
x−a
αβx−q
x(x−1)(x−a)
ǫ = α+ β + 1− δ − γ, α, β, γ, δ, q ∈ C, a ∈ R\{0, 1}
confluent Heun p+ γ
x
+ δ
x−1
pαx−q
x(x−1)
p, q, α, γ, δ ∈ C
reduced confluent Heun γ
x
+ δ
x−1
κx+q
x(x−1)
κ, γ, δ, q ∈ C
biconfluent Heun τ
x
+ ν
x2
− 1 −αx+q
x
τ, ν, α, q ∈ C
double confluent Heun τ
x
+ ν
x2
− 1 −αx+q
x2
τ, ν, α, q ∈ C
triconfluent Heun σ − x2 αx− q σ, α, q ∈ C
representative triconfluent Heun 0 A0 +A1x+ A2x
2 − 9
4
x4 A0, A1, A2 ∈ C
II. SEMI-COMMUTING OPERATORS FOR THE HEUN FAMILY
We construct classes of semi-commuting operators for the differential operators associated to different Heun-like
differential equations. We also investigate the problem of the existence of subclasses of commuting operators among
the aforementioned classes. For each differential operator associated to the equations presented in Table 1 we derive
when possible all operators of first and second degree commuting with it.
4A. The Heun operator
1. The case n = 1
With the help of (6) we find the following family of first degree operators
Q = β1dx +
β1
2
(
γ
x
+
δ
x− 1 +
ǫ
x− a
)
+ β0, ǫ = α+ β + 1− δ − γ (11)
semi-commuting with the operator PH associated to the Heun equation. The commutativity condition (7) will be
satisfied for certain choices of the parameters that we list here below. Note that if L := QPH = PHQ, the solutions
to the equations Qϕ = 0 and PHψ = 0 allow to construct the general solution to the third order ODE Lf = 0 with
L = β1d
3
x +
(
ρ+
3∑
i=1
Ai
x− xi
)
d2x +
(
3∑
i=1
Bi
x− xi
)
dx +
3∑
i=1
Ci
x− xi (12)
where x1 = 0, x2 = 1, and x3 = a.
1. Case α = γ = δ = q = 0, and β = 1 or β = γ = δ = q = 0, and α = 1. The general solutions to the ODEs
PHψ = 0 and Qϕ = 0 are ψ(x) = c1+c2(x−a)−1 and ϕ(x) = c3(x−a)−1exp(−β0x/β1), respectively. Moreover,
the general solution to the ODE Lf = 0 with L as in (12), ρ = β0, A3 = 3β1 and B3 = 2ρ, while all other
coefficients are zero, is given by
f(x) = c1 +
1
x− a
(
c2 + c3e
−
β0
β1
x
)
.
2. Case α = γ = q = 0, β = 1 and δ = 2 or β = γ = q = 0, α = 1, and δ = 2. See case 1. with a = 1. If
α = δ = q = 0, β = 1, and γ = 2 or β = δ = q = 0, α = 1, and γ = 2, see case 1. with a = 0.
3. Case α = γ = δ = q = 0, and β = −1 or β = γ = δ = q = 0, and α = −1. The general solutions to the ODEs
PHψ = 0 and Qϕ = 0 are ψ(x) = c1 + c2x and ϕ(x) = c3exp(−β0x/β1), respectively. Moreover, the general
solution to the ODE Lf = 0 with L as in (12), ρ = β0, and Ai = Bi = Ci = 0 for all i = 1, 2, 3 is
f(x) = c1 + c2x+ c3e
−
β0
β1
x.
4. Case γ = q = 0, α = δ = 2, and β = 1 or γ = q = 0, β = δ = 2, and α = 1. The general solutions to the ODEs
PHψ = 0 and Qϕ = 0 are ψ(x) = (x − 1)−1(x − a)−1(c1 + c2x) and ϕ(x) = (x − 1)−1(x − a)−1exp(−β0x/β1),
respectively. Moreover, the general solution to the ODE Lf = 0 with L as in (12), A1 = B1 = C1 = 0
ρ = β0, A2 = A3 = 3β1, B2 = 2β0 − 6β1
a− 1 , B3 = 4β0 −B2, C2 = −
2β0
a− 1 , C3 = −C2
is
f(x) =
1
(x− 1)(x− a)
(
c1 + c2x+ c3e
−
β0
β1
x
)
.
5. Case β = γ = δ = 2, α = 3, and q = 2a + 2 or α = γ = δ = 2, β = 3, and q = 2a + 2. The general solutions
to the ODEs PHψ = 0 and Qϕ = 0 are ψ(x) = [x(x − 1)(x − a)]−1(c1 + c2x) and ϕ(x) = c3[x(x − 1)(x −
a)]−1exp(−β0x/β1), respectively. Furthermore, the general solution to the ODE Lf = 0 with L as in (12),
ρ = β0, Ai = 3β1 for all i = 1, 2, 3 and
B1 = 2β0 − 6β1
a
(a− 1), B2 = 2β0 + 6β1(a− 2)
a− 1 , B3 = 2β0 +
6β1(2a− 1)
a(a− 1) ,
C1 =
6β1 − 2β0(a+ 1)
a
, C2 =
2β0(a− 2)− 6β1
a− 1 , C3 =
2β0(2a− 1) + 6β1
a(a− 1)
is given by
f(x) =
1
x(x − 1)(x− a)
(
c1 + c2x+ c3e
−
β0
β1
x
)
.
56. Case α = γ = q = 2, β = 1, and δ = 0 or β = γ = q = 2, α = 1, and δ = 0. The general solutions to the ODEs
PHψ = 0 and Qϕ = 0 are ψ(x) = [x(x − a)]−1(c1 + c2x) and ϕ(x) = c3[x(x − a)]−1exp(−β0x/β1). Moreover,
the general solution to the ODE Lf = 0 with L as in (12), ρ = β0, A2 = B2 = C2 = 0 and
A1 = A3 = 3β1, B1 = 2β0 − 6β1
a
, B3 = 4β0 −B1, C1 = −2β0
a
, C3 = −C1
is
f(x) =
1
x(x − a)
(
c1 + c2x+ c3e
−
β0
β1
x
)
.
2. The case n = 2
With the help of (8) and (9) we find the following family of second degree operators
Q = β2d
2
x +
[
β2
(
γ
x
+
δ
x− 1 +
ǫ
x− a
)
+ β1
]
dx +
a3x
3 + a2x
2 + a1x+ a0
x(x − 1)(x− a) (13)
with ǫ = α+ β + 1− δ − γ and
a3 = β0, a2 = −β0(a+ 1) + β1
2
(δ + ǫ+ γ), a1 = β0a+ αββ2 − β1
2
[a(δ + γ) + ǫ+ γ] , a0 =
1
2
β1γa− β2q
semi-commuting with the operator PH . The commutativity condition (10) will be satisfied for certain choices of the
parameters that we list here below. Observe that if L := QPH = PHQ, the general solution to the fourth order ODE
Lf = 0 with
L = d4x +
(
ν +
3∑
i=1
Ai
x− xi
)
d3x +
[
µ+
2∑
k=1
3∑
i=1
Bi,k
(x− xi)k
]
d2x +
 3∑
k,i=1
Ci,k
(x − xi)k
 dx + 3∑
k,i=1
Di,k
(x − xi)k (14)
can be immediately constructed from the solutions of the equations Qϕ = 0 and PHψ = 0.
1. Case β1 = 0, and β2 6= 0. The operator PH is represented by the general Heun operator given in Table I and Q
is given by (13) with a3 = µ, a2 = −µ(a + 1), a1 = µa + αβ, a0 = −q and µ = β0/β2. Moreover, the general
solution to the ODE PHψ = 0 is
ψ(x) = c1H(a, q, α, β, γ, δ;x) + c2x
1−γH(a, q − (γ − 1)(aδ + ǫ), β − γ + 1, α− γ + 1, 2− γ, δ;x),
where H(·) denotes the Heun function. Regarding the equation Qϕ = 0 observe that it has an irregular singular
point at infinity and three finite regular singular points. The transformation ϕ(x) = eAxf(x) with A2 = −a3
brings the aforementioned equation into the generalized Heun equation (GHE)[8]
d2xf +
(
γ
x
+
δ
x− 1 +
ǫ
x− a + κ
)
dxf +
b2x
2 + b1x+ b0
x(x− 1)(x− a)f = 0
with κ = 2A, b0 = Aaγ+a0, b1 = Aa(A− δ−γ)−A(ǫ+γ)+a1, b2 = −A2(a+1)+A(α+β+1)+a2. Then, the
general solution to the equation Qϕ = 0 in a neighbourhood of the singularities xi of the GHE can be written
as φi(x) = e
Ax [c3,ih1,i(x) + c4,ih2,i(x)], where h1,i and h2,i are two particular solutions to the GHE defined up
to the next singularity. Then, the general solution to the ODE Lf = 0 with L as in (14), ν = 0 and
A1 = 2γ, A2 = 2δ, A3 = 2ǫ, B1,1 = −2
a
[(aδ + ǫ)γ + q] , B2,1 =
2
a− 1 [γδ(a− 1)− αβ − δǫ+ q] ,
B3,1 =
2
a(a− 1) [a(αβ + δǫ+ γǫ(a− 1)− q)] , B1,2 = γ(γ − 2), B2,2 = δ(δ − 2), B3,2 = ǫ(ǫ− 2),
C1,1 =
1
a2
[
µγa2 + 2a(αβγ + δq − γq) + 2q(ǫ− γ)] ,
C2,1 =
1
(a− 1)2
[
µδ(a− 1)2 + 2a(γq − δq − αβγ) + 2αβ(γ + ǫ− δ) + 2q(2δ − ǫ − γ)] ,
C3,1 =
1
a2(a− 1)2
[
µǫa2(a− 1)2 + 2αβa2(γ + δ − ǫ)− 2a(αβγ + δq − 2ǫq + γq) + 2q(γ − ǫ)] ,
6C1,2 =
1
a
[γ(δa+ ǫ) + 2q(1− γ)] , C2,2 = − 1
a− 1 [γδ(a− 1) + 2(αβ − q)(δ − 1)− δǫ] ,
C3,2 =
1
a(a− 1) [2(αβa− q)(ǫ − 1)− ǫa(γ + δ) + γǫ] , Ci,3 = −Bi,2 ∀i = 1, 2, 3,
D1,1 =
1
a3
[
γa(a+ 1)(αβa − q)− a2q(δ + µ)− 2aq(αβ + q) + q(2q − ǫ− γ)] ,
D2,1 =
1
(a− 1)3
[
(a− 1)2(αβγ − αβµ+ γq + δq + µq)− q(a− 2)(δ + 2q) + αβ(2aq − 6q + 2αβ − δ − ǫ)] ,
D3,1 =
1
a3(a− 1)3
[
(a− 1)2((µa2 + γ)(αβa− q)− γq) + a2(αβa − 3q)(δ + ǫ− 2αβ) + q(a(3ǫ− 2αβ) + 2q − ǫ)] ,
D1,2 =
q
a2
(q − δa− ǫ), D2,2 = 1
(a− 1)2
[
(αβ − q)2 + (αβ − q)(γa− γ − ǫ)] ,
D3,2 =
1
a2(a− 1)2
[
αβa2(αβ − δ − q) + αβa(γ − 2q) + aq(δ + γ) + q(q − γ)] , D1,3 = q
a
(γ − 2),
D2,3 =
1
a− 1(αβ − q)(δ − 2), D3,3 = −
(αβa− q)(ǫ− 2)
a(a− 1)
is
fi(x) = c1H(a, q, α, β, γ, δ;x) + c2x
1−γH(a, q − (γ − 1)(aδ + ǫ), β − γ + 1, α− γ + 1, 2− γ, δ;x) +
eAx [c3,ih1,i(x) + c4,ifh,i(x)]
with i = 1, 2, 3. It is interesting to observe that Maple 16 fails to solve the fourth order ODE Lf = 0.
Furthermore, note that Q = β2PH whenever β0 = 0. In this case the general solution to the ODE Lf = 0 is
expressed in terms of Heun functions only.
2. Case α = γ = δ = q = 0 and β = 1, or β = γ = δ = q = 0, and α = 1. The operator PH and the solution to
PHψ = 0 are given as in case 1. (n = 1) of the Heun operator. Moreover, the solution to Qϕ = 0 is
ϕ(x) =
1
x− a (c3e
m
−
x + c4e
m+x) , m± = − 1
2β2
(
β1 ±
√
β21 − 4β0β2
)
. (15)
Then, the general solution to the ODE Lf = 0 with L as in (14) and non-vanishing coefficients µ = β0/β2,
ν = β1/β2, A3 = 4, B3,1 = 3ν and C3,1 = 2µ is
f(x) = c1 +
1
x− a (c2 + c3e
m
−
x + c4e
m+x) .
3. Case α = γ = q = 0, β = 1, and δ = 2, or β = γ = q = 0, α = 1, and δ = 2. We find that PH and the
solution to PHψ = 0 are given as in case 2. (n = 1) of the Heun operator. Moreover, Q, the solution to Qϕ = 0,
the operator L, and the solution of Lf = 0 can be obtained from the previous case with a = 1. If instead
α = δ = q = 0, β = 1, and γ = 2, or β = δ = q = 0, α = 1, and γ = 2, we find that PH and the solution to
PHψ = 0 are given as in case 1. (n = 1) of the Heun operator with a = 0. Moreover, Q, the solution to Qϕ = 0,
the operator L, and the solution to Lf = 0 can be obtained from case 2. (n = 2) of the Heun operator with
a = 0.
4. Case α = γ = δ = q = 0, and β = −1, or β = γ = δ = q = 0, and α = −1. The operator PH and the solution
to PHψ = 0 are given as in case 3. (n = 1) of the Heun operator. Furthermore, Q = β2d
2
x + β1dx + β0 and
the solution to Qϕ = 0 is ϕ(x) = c3e
m
−
x + c4e
m+x with m± given in (15). Then, the general solution to the
equation Lf = 0 with L = β2d
4
x + β1d
3
x + β0dx is
f(x) = c1 + c2x+ c3e
m
−
x + c4e
m+x.
5. Case γ = q = 0, α = δ = 2, and β = 1, or γ = q = 0, β = δ = 2, and α = 1. We find that PH and the solution
of PHψ = 0 are given as in case 4. (n = 1) of the Heun operator. Moreover, the solution to Qϕ = 0 is given by
ϕ(x) = [(x− 1)(x− a)]−1 [c3em−x + c4em+x] with m± as in (15). Then, the general solution to the ODE Lf = 0
with L as in (14) and non-vanishing coefficients µ = β0/β2, ν = β1/β2 and
A2 = A3 = 4, B2,1 = 3ν − 12
a− 1 , B3,1 = 6ν −B2,1, C2,1 = 2µ−
6ν
a− 1 , C3,1 = 4µ− C2,1
7is
f(x) =
1
(x− 1)(x− a) [c1 + c2x+ c3e
m
−
x + c4e
m+x] .
6. Case β = γ = δ = 2, α = 3, and q = 2a + 2, or α = γ = δ = 2, β = 3, and q = 2a + 2. The solutions
to the equations PHψ = 0 and Qϕ = 0 are ψ(x) = [x(x − 1)(x − a)]−1(c1 + c2x) and ϕ(x) = [x(x − 1)(x −
a)]−1 (c3e
m
−
x + c4e
m+x), respectively. Then, the general solution to the ODE Lf = 0 with L as in (14) and
non-vanishing coefficients µ = β0/β2, ν = β1/β2, A1 = A2 = A3 = 4 and
B1,1 = 3ν − 12(a+ 1)
a
, B2,1 = 3ν +
12(a− 2)
a− 1 , B3,1 = 3ν +
12(2a− 1)
a(a− 1) ,
C1,1 = 2µ− 6ν(a+ 1)− 24
a
, C2,1 = 2µ+
6ν(a− 2)− 24
a− 1 , C3,1 = 2µ+
6ν(2a− 1) + 24
a(a− 1) ,
D1,1 =
2(3ν − µ)− 2µ
a
, D2,1 =
2µ(2a− 1)− 6ν
a− 1 , D3,1 =
2µ(2a− 1) + 6ν
a(a− 1)
is
f(x) =
1
x(x− 1)(x− a) (c1 + c2x+ c3e
m
−
x + c4e
m+x) .
7. Case α = γ = q = 2, β = 1, and δ = 0, or β = γ = q = 2, α = 1, and δ = 0. The operator PH and the
solution to PHψ = 0 are given as in 7. (n = 1) of the Heun operator. Moreover, the solution to Qϕ = 0
is φ(x) = [x(x − a)]−1 (c3em−x + c4em+x). Finally, the solution to the ODE Lf = 0 with L as in (14) and
non-vanishing coefficients µ = β0/β2, ν = β1/β2, A1 = A3 = 4 and
B1,1 = 3ν − 12
a
, B3,1 = 6ν −B1,1, C1,1 = 2µ− 6ν
a
, C3,1 = 4µ = C1,1, D1,1 = −2µ
a
, D3,1 = −D1,1
is represented by
f(x) =
1
x(x − a) (c1 + c2x+ c3e
m
−
x + c4e
m+x) .
B. The confluent Heun operator
1. The case n = 1
Using (6) yields the following family of first degree operators
Q = β1dx +
β1
2
(
γ
x
+
δ
x− 1
)
+ β0 (16)
semi-commuting with the operator PCH associated to the confluent Heun equation. The commutativity condition (7)
will be satisfied for certain choices of the parameters that we list here below. Note that if L := QPCH = PCHQ, the
solutions to the equations Qϕ = 0 and PCHψ = 0 allow to construct the general solution to the third order ODE
Lf = 0 with
L = β1d
3
x +
(
ξ +
2∑
i=1
ai
x− xi
)
d2x +
(
η +
2∑
i=1
bi
x− xi
)
dx +
2∑
i=1
ci
x− xi (17)
where x1 = 0 and x2 = 1.
1. Cases γ = p = q = δ = 0; γ = p = q = 0 and δ = 2; p = q = δ = 0 and γ = 2; γ = δ = 2, p = 0 and q = −2 have
been already analyzed in Section IIA 1.
82. Case α = γ = q = δ = 0. The solution to PHψ = 0 is ψ(x) = c1 + c2e
−px. Furthermore, Q is given
as in case 3. (n = 1) of the Heun operator. Finally, the solution of the third order ODE Lf = 0 with
L = β1d
3
x + (β1p+ β0)d
2
x + β0pdx is
f(x) = c1 + c2e
−px + c3e
−
β0
β1
x.
3. Case α = 1, γ = q = 0 and δ = 2. The solution to the equation PCHψ = 0 is ψ(x) = (x − 1)−1 (c1 + c2e−px).
Furthermore, Q and the solution to Qϕ = 0 can be obtained from Section IIA 1. The general solution to the
equation Lf = 0 with L as in (17) and non-vanishing coefficients ξ = β1p + β0, η = β0p, a2 = 3β1, b2 = 2ξ,
c2 = η is
f(x) =
1
x− 1
(
c1 + c2e
−px + c3e
−
β0
β1
x
)
.
4. Case α = 1, γ = 2, q = p and δ = 0. The solution to the equation PCHψ = 0 is ψ(x) = x
−1 (c1 + c2e
−px).
Moreover, Q and the solution to Qϕ = 0 can be obtained from Section IIA 1. The general solution to the
equation Lf = 0 with L as in (17) and non-vanishing coefficients ξ = β1p + β0, η = β0p, a1 = 3β1, b1 = 2ξ,
c1 = η is
f(x) =
1
x
(
c1 + c2e
−px + c3e
−
β0
β1
x
)
.
5. Case α = γ = δ = 2 and q = p− 2. The solution to PCHψ = 0 is ψ(x) = [x(x − 1)]−1 (c1 + c2e−px). Moreover,
Q and the solution to Qϕ = 0 can be obtained from Section IIA 1. The general solution to the equation Lf = 0
with L as in (17) and non-vanishing coefficients ξ = β1p+β0, η = β0p, a1 = a2 = 3β1, b1 = ξ− a1, b2 = 2ξ−b1,
c1 = η − 2ξ, c2 = 2η − c1 is
f(x) =
1
x(x− 1)
(
c1 + c2e
−px + c3e
−
β0
β1
x
)
.
In the case of the reduced confluent Heun differential operator PRCH we find that the most general first degree
differential operator Q semi-commuting with PRCH is given by (16). By means of (7) we can verify that the operators
PRCH and Q will commute whenever γ = k = q = δ = 0, or γ = k = q = 0, and δ = 2, or γ = 2, and k = q = δ = 0,
or γ = q = δ = 2, and k = 0 but these cases reduce to one of the cases treated above.
C. The case n = 2
By means of (8) and (9) we find the following family of second degree operators
Q = β2d
2
x +
[
β2
(
γ
x
+
δ
x− 1
)
+ β1
]
dx +
β1γ + β2(2q − γp)
x
+
β1δ + β2(2αp− δp− 2q)
x− 1 + β0
semi-commuting with the operator PCH associated to the confluent Heun equation. The commutativity condition
(10) will be satisfied for certain choices of the parameters that we list here below. Notice that if L := QPCH = PCHQ,
the solutions to the equations Qϕ = 0 and PCHψ = 0 allow to construct the general solution the the fourth order
ODE Lf = 0 with
L = β2d
4
x +
(
Γ +
2∑
i=1
Ai
x− xi
)
d3x +
λ+ 2∑
k,i=1
Bi,k
(x − xi)k
 d2x +
[
η +
3∑
k=1
2∑
i=1
Ci,k
(x− xi)k
]
dx +
3∑
k=1
2∑
i=1
Di,k
(x − xi)k (18)
with η = β0p.
1. Case β1 = β2p. The solution to PCHψ = 0 is [5]
ψ(x) = c1Hc(a1, a2, a3, a4, a5;x) + c2x
1−γHc(a1,−a2, a3, a4, a5;x),
with
a1 = p, a2 = γ − 1, a3 = δ − 1, a4 = p
2
(2α− γ − δ), a5 = γ
2
(p− δ)− q + 1
2
.
9Moreover, the solution to Qϕ = 0 is given by
ϕ(x) = ea˜x
[
c3Hc(a˜+ a1, a2, a3, a4, a5;x) + c4x
1−γHc(a˜+ a1,−a2, a3, a4, a5;x)
]
with
a˜ =
1
2
(
−p+
√
β2p2 − 4β0
β2
)
.
Then, the general solution to the equation Lf = 0 with L as in (18) and non-vanishing coefficients Γ = p,
A1 = γ, A2 = δ and
λ = β2p
2+β0, B1,1 = 2β2(q+γp−γδ), B2,1 = 2β2(αp+γδ+pδ−q), B1,2 = β2γ(γ−2), B2,2 = β2δ(δ−2),
C1,1 = β0γ+2β2(γq+ pq− δq−αγp), C2,1 = β0δ+2β2(αγp+αp2+ δq− γq), C1,2 = β2(γδ− γp+2γq− 2q),
C2,2 = β2(2αδp− 2αp− γδ − δp− 2δq + 2q), C1,3 = −B1,2, C2,3 = −B2,2,
D1,1 = β0q + β2(2q
2 + γq + δq − 2αpq − αγp), D2,1 = β2[αγp+ q(2αp− δ − γ − 2q)] + β0(αp− q),
D1,2 = β2γ(δ − p+ q), D2,2 = β2(α2p2 − αγp− αp2 − 2αpq + γq + pq + q2),
D1,3 = −β2q(γ − 2), D2,3 = β2(2αp+ δq − αδp− 2q)
is given by
f(x) = c1Hc(a1, a2, a3, a4, a5;x) + c2x
1−γHc(a1,−a2, a3, a4, a5;x)+
ea˜x
[
c3Hc(a˜+ a1, a2, a3, a4, a5;x) + c4x
1−γHc(a˜+ a1,−a2, a3, a4, a5;x)
]
.
It is interesting to observe that also in this case Maple 16 cannot solve the fourth order ODE Lf = 0 discussed
above.
2. The cases α = γ = δ = 2 and q = p = −2, or γ = δ = 2, p = 0, and q = −2, or δ = p = q = 0, and γ = 2, or
γ = p = q = 0, and δ = 2, or γ = p = q = δ = 0 have been already discussed in Section IIA 2.
3. Case α = 1, γ = 2, q = p, and δ = 0. The solutions to PCHψ = 0 and Qϕ = 0 have been already computed
in Section II B 1 and Section IIA 2, respectively. Finally, the solution to the equation Lf = 0 with L as in (18)
and non-vanishing coefficients Γ = β2p+ β1, A2 = 4β2, λ = β1p+ β0, B1,1 = 3Γ, C1,1 = 2Γ and D1,1 = η is
f(x) =
1
x
(
c1 + c2e
−px + c3e
m
−
x + c4e
m+x
)
with m± defined in (15).
4. Case α = 1, γ = q = 0, and δ = 2. The solutions to PCHψ = 0 and Qϕ = 0 have been already computed in
Section II B 1 and Section IIA 2, respectively. Moreover, the solution to the equation Lf = 0 with L as in (18)
and coefficients Γ, A2 and λ as in the case above and B2,1 = 3Γ, C2,1 = 2Γ and D2,1 = η is
f(x) =
1
x− 1
(
c1 + c2e
−px + c3e
m
−
x + c4e
m+x
)
.
5. Case α = γ = δ = q = 0. The solutions to PCHψ = 0 and Qϕ = 0 have been already computed in Section II B 1
and Section IIA 2, respectively. Moreover, the solution to the equation Lf = 0 with L as in (18) and non-
vanishing coefficients Γ, λ and η given as in the previous case is
f(x) = c1 + c2e
−px + c3e
m
−
x + c4e
m+x.
In the case of the reduced confluent Heun differential operator PRCH we find that the most general second degree
differential operator Q semi-commuting with PRCH is given by
Q = β2d
2
x +
[
β2
(
γ
x
+
δ
x− 1
)
+ β1
]
dx +
β1γ − 2β2q
2x
+
2β2(k + q)
2(x− 1) + β0.
By means of (7) we can verify that the operators PRCH and Q will commute whenever γ = q = δ = 2 and k = 0, or
γ = 2 and k = q = δ = 0, or γ = k = q = 0 and δ = 2, or γ = k = q = δ = 0 but these cases reduce to one of the
cases treated above.
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D. The biconfluent Heun operator
1. The case n = 1
Using (6) yields the following family of first degree operators
Q = β1dx +
β1
2
( τ
x
+
ν
x2
)
+ β0
semi-commuting with the operator PBCH associated to the biconfluent Heun equation. The commutativity condition
(7) will be satisfied for certain choices of the parameters that we list here below. Note that if L := QPBCH = PBCHQ,
the solutions to the equations Qϕ = 0 and PBCHψ = 0 allow to construct the general solution to the third order ODE
Lf = 0 with
L = β1d
3
x +
(
K +
A
x
)
d2x +
(
R+
B
x
)
dx + C +
D
x
. (19)
1. Case ν = q = τ = 0. The solution to PBCHψ = 0 is ψ(x) = c1e
α+x + c2e
α
−
x with α± =
(
1±√1 + 4α) /2.
Moreover, the solution to Qϕ = 0 has been already obtained in Section IIA 1. Finally, the general solution to
the ODE Lf = 0 with L as in (19) and non-vanishing coefficients K = β0−β1, R = −(β1α+β0) and C = −β0α
is
f(x) = c1e
α+x + c2e
α
−
x + c3e
−
β0
β1
x.
2. Case ν = 0, q = 1, and τ = 2. The solution to PBCHψ = 0 is ψ(x) =
1
x
(c1e
α+x + c2e
α
−
x) with α± defined
in the previous case. Furthermore, the solution to Qϕ = 0 has been obtained in Section IIA 1. The general
solution to the ODE Lf = 0 with L as in (19), K and R as in the case above and A = 3β1, B = 2K and D = R
is
f(x) =
1
x
(
c1e
α+x + c2e
α
−
x + c3e
−
β0
β1
x
)
.
2. The case n = 2
By means of (8) and (9) we find the following family of second degree operators
Q = β2d
2
x +
[
β2
( τ
x
+
ν
x2
)
+ β1
]
dx +
1
2
[
τ(β1 + β2)− 2β2q
x
+
ν(β1 + β2)
x2
]
+ β0
semi-commuting with the operator PBCH associated to the biconfluent Heun equation. The commutativity condition
(10) will be satisfied for certain choices of the parameters that we list here below. Notice that if L := QPBCH =
PBCHQ, the solutions to the equations Qϕ = 0 and PBCHψ = 0 allow to construct the general solution to the fourth
order ODE Lf = 0 with
L = d4x +
2∑
n=0
An
xn
d3x +
4∑
n=0
Bn
xn
d2x +
5∑
n=0
Cn
xn
dx +
4∑
n=0
Dn
xn
. (20)
1. Case β1 = −β2. The solution to the equation PBCHψ = 0 is
ψ(x) = x
1
2
(1−τ)
[
c1e
ρ
−
(x)HD(b1, b2, b3, b4;ω(x)) + c2e
ρ+(x)HD(−b1, b2, b3, b4;ω(x))
]
,
where HD denotes the double confluent Heun function [5],
ρ−(x) =
1
2
[1− ǫ(ν)]√4α+ 1x, ρ+(x) = 2ν + [1 + ǫ(ν)
√
4α+ 1]x2
2x
, ω(x) =
ix 4
√
(4α+ 1)ν2 + ν
ix 4
√
(4α+ 1)ν2 − ν ,
11
and
b1 = 4i
4
√
(4α+ 1)ν2,
b2 =
2iǫ(ν)(2q − τ) 4
√
(4α+ 1)3ν2 − 2(4α+ 1)
[
i(τ − 2) 4
√
(4α+ 1)ν2 + τ
2
2 − ν − τ + |ν|
√
4α+ 1 + 12
]
4α+ 1
,
b3 =
4i 4
√
(4α+ 1)ν2
[
ǫ(ν)(2q − τ)√4α+ 1 + (τ − 2)(4α+ 1)]
4α+ 1
,
b4 =
2iǫ(ν)(2q − τ) 4
√
(4α+ 1)3ν2 − 2(4α+ 1)
[
i(τ − 2) 4
√
(4α+ 1)ν2 − τ22 + ν + τ − |ν|
√
4α+ 1− 12
]
4α+ 1
.
Here, ǫ(·) denotes the sign function. If we let µ = β0/β2, the solution to the equation Qϕ = 0 is given by
ϕ(x) = x
1
2
(τ−1)
[
c3e
σ
−
(x)HD(ℓ1, ℓ2, ℓ3, ℓ4; r(x)) + c2e
σ+(x)HD(−ℓ1, ℓ2, ℓ3, ℓ4, ℓ5; r(x))
]
,
with σ−, σ+ and r formally given by ρ−, ρ+ and ω with α replaced by −µ and
ℓ1 = 4i
4
√
(1− 4µ)ν2,
ℓ2 =
2iǫ(ν)(τ − 2q) 4
√
(1− 4µ)3ν2 + 2(1− 4µ)
[
i(τ − 2) 4
√
(1− 4µ)ν2 + τ22 − ν − τ + |ν|
√
1− 4µ+ 12
]
4µ− 1 ,
ℓ3 =
4i 4
√
(1− 4µ)ν2 [ǫ(ν)(2q − τ)√1− 4µ+ (τ − 2)(1− 4µ)]
1− 4µ ,
ℓ4 =
2iǫ(ν)(τ − 2q) 4
√
(1− 4µ)3ν2 + 2(1− 4µ)
[
i(τ − 2) 4
√
(1− 4µ)ν2 − τ22 + ν + τ − |ν|
√
1− 4µ− 12
]
4µ− 1 .
Then, the general solution to the equation Lf = 0 with L as in (20) and non-vanishing coefficients
A0 = −2, A1 = 2τ, A2 = 2ν,B0 = 1 + µ− α, B1 = −2(τ + q), B2 = τ(τ − 2)− 2ν,
B3 = 2ν(τ − 2), B4 = ν2, C0 = α− µ, C1 = (µ− α)τ + 2q, C2 = (µ− α)ν + (1 − 2q)τ + 2q,
C3 = −[τ(τ − 2) + 2ν(q − 1)], C4 = −3ν(τ − 2), C5 = −2ν2,
D0 = −µα, D1 = q(α − µ), D2 = q(q − 1), D3 = q(τ − 2), D4 = qν
is
f(x) = x
1
2
(1−τ)
[
c1e
ρ
−
(x)HD(b1, b2, b3, b4;ω(x)) + c2e
ρ+(x)HD(−b1, b2, b3, b4;ω(x))
]
+
x
1
2
(τ−1)
[
c3e
σ
−
(x)HD(ℓ1, ℓ2, ℓ3, ℓ4; r(x)) + c2e
σ+(x)HD(−ℓ1, ℓ2, ℓ3, ℓ4, ℓ5; r(x))
]
.
Also in this case Maple 16 is not able to solve the above fourth order ODE.
2. Case ν = q = τ = 0. The solution to PBCHψ = 0 is given in case 1. (n = 1) of the biconfluent Heun operator.
Moreover, the solution to the equation Qϕ = 0 has been already studied in Section‘II A 1. Finally, the solution
of to the ODE Lf = 0 with with L as in (19) and non-vanishing coefficients A0 = β1 − β2, B0 = β0 − β1 − β2α,
C0 = −β0 − β1α and D0 = −β0α is
f(x) = c1e
α+x + c2e
α
−
x + c3e
m
−
x + c4e
m
−
x,
where m± and α± have been defined in (15) and in case 1 Section IID 1, respectively.
3. Case ν = 0, q = 1, and τ = 2. The solution to PBCHψ = 0 is given as in case 2. (n = 1) of the biconfluent Heun
operator. Moreover, the solution to Qϕ = 0 has been studied in Section IIA 2. Finally, the general solution to
the ODE Lf = 0 with L as in (19) and non-vanishing coefficients A0, B0, C0, D0 given in the case above and
A1 = 4β2, B1 = 3A0, C1 = −2B0 and D1 = C0 is
f(x) =
1
x
(c1e
α+x + c2e
α
−
x + c3e
m
−
x + c4e
m
−
x) ,
where m± and α± have been defined in (15) and in case 1 Section IID 1, respectively.
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E. The double confluent Heun operator
1. The case n = 1
Using (6) yields the same family of first degree operators Q obtained for the biconfluent Heun operator in the case
n = 1. The commutativity condition (7) will be satisfied for α = τ/2, ν = 0, and q = (τ/2)− (τ2/4). For this choice
of the parameters we have
PDCH = d
2
x +
(τ
x
− 1
)
dx +
τ(τ − 2− 2x)
4x2
, Q = β1dx +
β1τ
2x
dx + β0.
Then, the operator L := QPDCH = PDCHQ is of the form
L = β1d
3
x +
1∑
n=0
an
xn
d2x +
2∑
n=0
bn
xn
dx +
2∑
n=0
cn
xn
with a0 = β0− β1, a1 = 3β1τ/2, b0 = −β0, b1 = τa0, b2 = 3β1τ(τ − 2), c1 = b0τ and c2 = a0τ(τ − 2) and the solution
to the ODE Lf = 0 reads
f(x) = x−
τ
2
[
c1 + c2e
x + c3e
−
β0
β1
x
]
.
2. The case n = 2
By means of (8) and (9) we find the following family of second degree operators
Q = β2d
2
x +
[
β2
(τ
x
+
ν
x2
)
+ β1
]
dx +
β1τ + β2(τ − 2α)
2x
+
β1ν + β2(ν − 2q)
2x2
+ β0
semi-commuting with PDCH . The commutativity condition (10) will be satisfied for certain choices of the parameters
that we list here below. Notice that if L := QPDCH = PDCHQ, the solutions to the equations Qϕ = 0 and PDCHψ = 0
allow to construct the general solution to the fourth order ODE Lf = 0 with
L = d4x +
2∑
n=0
An
xn
d3x +
4∑
n=0
Bn
xn
d2x +
5∑
n=0
Cn
xn
dx +
5∑
n=0
Dn
xn
. (21)
1. Case β1 = −β2. The solution to the equation PDCHψ = 0 is
ψ(x) = x
1
2
(1−τ)
[
c1e
xHD
(
m1,m2,m3,m4;
x−√ν
x+
√
ν
)
+ c2e
x
νHD
(
−m1,m2,m3,m4; x−
√
ν
x+
√
ν
)]
,
where HD denotes the double confluent Heun function [5, 6] and m1 = −4
√
ν, m2 = 4(α − 1)
√
ν − τ2 − 4q +
4ν + 2τ − 1, m3 = 8
√
ν(α− τ + 1), m4 = 8(α− 1)
√
ν −m2. Furthermore, the solution to the equation Qϕ = 0
is given by
ϕ(x) = x
1
2
(1−τ)
[
c3e
σ
−
(x)HD(t1, t2, t3, t4; r(x)) + c2e
σ+(x)HD(−t1, t2, t3, t4, t5; r(x))
]
,
where the functions σ±(·) and r(·) have been defined in Section IID 2 and
t1 = 4i
4
√
(1− 4µ)ν2,
t2 =
2iǫ(ν)(τ − 2α) 4
√
(1− 4µ)3ν2 + 2(1− 4µ)
[
i(τ − 2) 4
√
(1− 4µ)ν2 + τ22 − ν − τ + 2q + |ν|
√
1− 4µ+ 12
]
4µ− 1 ,
t3 =
4i 4
√
(1− 4µ)ν2 [ǫ(ν)(τ − 2α)√1− 4µ+ (τ − 2)(4µ− 1)]
4µ− 1 ,
t4 =
2iǫ(ν)(τ − 2α) 4
√
(1− 4µ)3ν2 + 2(1− 4µ)
[
i(τ − 2) 4
√
(1− 4µ)ν2 − τ22 + ν + τ − 2q − |ν|
√
1− 4µ− 12
]
4µ− 1 .
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Finally, the general solution to the ODE Lf = 0 with L as in (21) and non-vanishing coefficients
A0 = −2, A1 = 2τ, A2 = 2ν, B0 = 1 + µ, B1 = −2(τ + α), B2 = τ(τ − 2)− 2ν − 2q,
B3 = 2ν(τ − 2), B4 = ν2, C0 = −µ, C1 = 2α+ µτ, C2 = τ(1− α) + 2α+ 2q + µν,
C3 = −[2(ν − α) + (2− τ)(2q + τ)], C4 = ν(6− 3τ − 2q), C5 = −2ν2, D1 = −µα,
D2 = α(α − 1)− µq, D3 = 2αq + ατ − 2α− 2q, D4 = αν + q2 + 2qτ − 6q, D5 = 2qν
is
f(x) = x
1
2
(1−τ)
{
c1e
xHD
(
m1,m2,m3,m4;
x−√ν
x+
√
ν
)
+ c2e
x
νHD
(
−m1,m2,m3,m4; x−
√
ν
x+
√
ν
)
+
c3e
σ
−
(x)HD(t1, t2, t3, t4; r(x)) + c2e
σ+(x)HD(−t1, t2, t3, t4, t5; r(x))
}
.
Also in this case Maple 16 fails to find the general solution to the ODE Lf = 0.
2. Case α = τ/2, ν = 0, q = (τ/2)− (τ/2)2. By means of the results obtained in Section II E 1 the general solution
to the ODE Lf = 0 with L as in (21) and non-vanishing coefficients
A0 = β1 − β2, A1 = 2β2τ, B0 = β0 − β1, B1 = 3
2
A0τ, B2 =
3
2
β2τ(τ − 2), C0 = −β0, C1 = B0τ,
C2 =
3
4
A0τ(τ − 2), C3 = β2τ(τ − 2)(τ − 4), D1 = −β0τ
2
, D2 =
B0
4
τ(τ − 2), D3 = A0
8
τ(τ − 2)(τ − 4),
D4 =
β2
16
τ(τ − 2)(τ − 4)(τ − 16)
is
f(x) = x−
τ
2 [c1 + c2e
x + c3e
m
−
x + c4e
m+x]
where m± has been defined in (15).
F. The triconfluent Heun operator
1. The case n = 1
Let PTCH and PRTCH be the operators associated to the triconfluent Heun equation and the reduced triconfluent
Heun equation, respectively. Using (6) yields the following family of first degree operators
Q1 = β1dx − β1
2
x2 + β0, Q2 = β1dx + β0
semi-commuting with the operators PTCH and PRTCH , respectively. In both cases, the commutativity condition (7)
will be satisfied whenever β1 = 0 but then, Q1 and Q2 become trivial and therefore, there are no nontrivial first
degree operators commuting with PTCH or PRTCH .
2. The case n = 2
By means of (8) and (9) we find the following family of second degree operators
Q = β2d
2
x + (β1 − β2x2)dx +
1
2
(σβ2 − β1)x2 + β2αx + β0
semi-commuting with the operator PTCH . The commutativity condition (10) will be satisfied whenever β1 = σβ2.
Furthermore, the solution to the equation PTCHψ = 0 is
ψ(x) = c1HT (− 3
√
9q, 3α+ 3,− 3
√
3σ;x/
3
√
3) + c2e
x3
3
−σxHT (− 3
√
9q,−3α− 3,− 3
√
3σ;−x/ 3
√
3),
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where HT denotes the triconfluent Heun function [5] and the solution to Qϕ = 0 is given by
ϕ(x) = c3HT (− 3
√
9µ, 3α+ 3,− 3
√
3σ;x/
3
√
3) + c4e
x3
3
−σxHT (
3
√
9µ,−3α− 3,− 3
√
3σ;−x/ 3
√
3), µ =
β0
β2
.
Then, the general solution to the fourth order equation Lf = 0 with
L = d4x +A3(x)d
3
x +A2(x)d
2
x +A1(x)dx +A0(x),
where
A3(x) = 2(σ − x2), A2(x) = x4 − 2σx2 + (2α− 4)x+ σ2 − q + µ,
A1(x) = 2(1− α)x3 + (q − µ)x2 + 2σ(α− 1)x+ σ(q − µ) + 2(α− 1), A0(x) = α(1 − α)x2 + α(q − µ)x+ µq − ασ
is f(x) = ψ(x) + ϕ(x). Also in this case Maple 16 is not able to solve the ODE Lf = 0. We conclude by observing
that the following family of second degree operators
Q = β2d
2
x + β1dx + β2
(
A1x+A2x
2 − 9
4
x4
)
+ β0
semi-commutes with the operator PRTCH . The commutativity condition (10) will be satisfied for β1 = 0. Then, the
general solution to the equation PRTCHψ = 0 is
ψ(x) = c1e
−x
3
2
+
A2
3
xHT
(
A0 +
A22
9
, A1,−2
3
A2;x
)
+ c2e
x3
2
−
A2
3
xHT
(
A0 +
A22
9
,−A1,−2
3
A2;−x
)
, (22)
and the general solution to Qϕ = 0 is given by
ϕ(x) = c3e
− x
3
2
+
A2
3
xHT
(
µ+
A22
9
, A1,−2
3
A2;x
)
+ c4e
x3
2
−
A2
3
xHT
(
µ+
A22
9
,−A1,−2
3
A2;−x
)
(23)
with µ defined as above. Hence, the general solution to the fourth order equation Lf = 0 with
L = d4x +B2(x)d
2
x +B1(x)dx +B0(x),
where
B2(x) = −9
2
x4 + 2A2x
2 + 2A1x+ µ+A0, B1(x) = 2(−9x3 + 2A2x+A1),
B0(x) =
81
16
x8 − 9
2
A2x
6 − 9
2
A1x
5 +
[
A22 −
9
4
(µ+A0)
]
x4 + 2A1A2x
3 +
[
A21 +A2(A0 + µ)− 27
]
x2 +
A1(A0 + µ)x +A0µ+ 2A2.
is simply f(x) = ψ(x) + ϕ(x). Also in this case Maple 16 fails to find the general solution to the ODE Lf = 0.
III. CONCLUSIONS
The study of the Heun equation, its generalizations and solutions is one of the next challenges in the area differential
equations connected to mathematical physics. Being a generalization of the hypergeometric equation it is not surprising
that its appearance in (mathematical) physics is manifold. A quite exhaustive review of its applications in physics
and quantum chemistry is offered by [5]. More recent and unexpected applications of the Heun family of equations
in physics can be found in [6, 9, 10]. In general relativity the Heun equation has a well defined connection to the
black hole physics [8, 11, 12] and is used in quantum mechanics as well [13–15]. In particular, one can connect it
in an elegant way to the Schro¨dinger equation [16–18], the Stark effect [19] and other specific quantum mechanical
problems [20].
From a mathematical point of view the study of the Heun equation and its confluent forms is far from being
complete. Even though we can easily construct pairs of Frobenius series solutions around each regular singular point
and derive the asymptotics of the solutions for the point at infinity, the so-called connection problem for these local
solutions is still open mainly due to the fact that the construction of integral representations for the solutions results
to be a very difficult task. Some steps towards the resolution of this problem have being taken in [21] where a
15
modification of the methods used in [7] allowed to solve the two-point connection problem for a subclass of the Heun
equation. Other attempts can be found in [5, 6, 22].
Here, we have taken a slightly different point of view. We considered the Heun family of differential operators given
in Table I and for each member of this family we constructed the corresponding most general class of commuting
differential operators of degree one and degree two. This in turn allowed to show that using this method solutions of
complicated higher order linear homogeneous differential equations with variable coefficients can be found analytically
even though the software package Maple 16 was not able to compute them.
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